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Abstract 

Recently, O. Aharony, O. Bergman, D. L. Jafferis and J. Maldacena (ABJM) proposed 
three-dimensional super Chern-Simons-matter theory, which at level k is supposed to describe 
the low energy limit of N M2-branes. For large N and k, but fixed 't Hooft coupling A = N/ k, 
it is dual to type IIA string theory on 74^5*4 x CP^. For large but finite k, it is dual to M 
theory on AdS4 x S'^ jZ^^. In this paper, relying on the second duality, we find exact giant 
magnon and single spike solutions of membrane configurations on 74^5*4 x S"^ /Zk by reducing 
the system to the Neumann- Roso chat ius integrable model. We derive the dispersion relations 
and their finite-size corrections with explicit dependence on the level k. 



*0n leave from Institute for Nuclear Research and Nuclear Energy, Bulgarian Academy of Sciences, 
Bulgaria. 



1 Introduction 



The AdS/CFT duality conjecture [H [21 [3], has led to many interesting developments in 
understanding the correspondence between type IIB string theory on AdS^ x and = 4 
super Yang-Mills theory in four dimensions. Recently, new exciting field for investigations 
appeared, after the discovery of the new AdS^/CFT^ duality [1]. The most promising candi- 
date for description of this correspondence is the J\f = Q super Chern-Simons-matter theory 
proposed by ABJM in [5j. This theory at level k describes the low energy limit of M2- 
branes probing a C^/Zk singularity. At large A^, it is dual to M theory on AdS4 x S'^/Zk- 
For large A^ and fixed ratio N/k, it also has a 't Hooft limit, which is dual to type IIA string 
theory on AdS^ x CPl 

After the appearance of [5], many related papers quickly followed [6]-[lT], investigating 
different aspects of the ABJM theory. We would like to mention the discovery of the exact 
5- matrix, including the dressing phase [25], confirming the all- loop Bethe ansatz equations, 
conjectured in [22] . 

In this article, we propose an M2-brane viewpoint on the ABJM theory at finite level k, 
by considering membrane configurations with two angular momenta on Rf x S'^ / Z^ subspace 
of AdS^^ X S'^ / Zk background, which exhibit similar properties of giant magnon (GM) [42] . 
dyonic GM [33] and single spike (SS) [33] in string theory. 

The paper is organized as follows. In section 2, we find an appropriate M2-brane embed- 
ding into Rt X S'^ jZk- In section 3, we show that there exists unique Neumann- Rosochatius 
(NR) integrable system, which describes membrane configurations with two angular mo- 
menta, for any finite value of the level k. In section 4, based on this NR approach, we 
give the corresponding M2-brane GM and SS solutions and the semiclassical energy-charge 
relations, including the finite-size effects. We conclude the paper with some comments in 
section 5. 



2 Membranes on AdS^ x /Zj. 



Let us start with the following membrane action 



S= I d^i (tIit boo - 2A^Go, + X'X'Gi, - (2A°T2)' det + T^C, 




012 



(2.1) 
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where 



dm = d/dr, m= (0,2) = (0,1,2), 

(e°,e\a = (r,^Ti,^T2), M = (o,i,...,io), 

are the fields induced on the membrane worldvolume from the background metric Qmn and 
the background 3-form gauge field cmnp, A™ are Lagrange multipliers, x^'^ = X*^(^) are 
the membrane embedding coordinates, and T2 is its tension. As shown in [35], the above 
action is classically equivalent to the Nambu-Goto and Polyakov type actions. In addition, 
the action (12. ip gives a unified description for the tensile and tensionless membranes. 

The equations of motion for the Lagrange multipliers A™ generate the independent con- 
straints only 

Goo - 2X^Goj + X'X^Gij + (2A°T2)' det G^j = 0, (2.2) 
Gqj — X^G{j = 0. (2.3) 

Further on, we will work in diagonal worldvolume gauge A* = 0, in which the action (12.11) 
and the constraints (12. 2p . (12. Sp simplify to 

Sm = J d?iCM = j c^'c{^[g'oo - (2A°T2)'detG,,] +T2C012I , (2.4) 

G00+ (2A°T2)'detG,,- = 0, (2.5) 
Go. = 0. (2.6) 

Let us introduce the following complex coordinates on the S"^ /Z^ subspace 

zi = cosip cos —e^-*"^^^ ^ , ^2 = cosT/^sm — e L'^ 2"-"^-^ "^•^^j^ 



. , P2 jr£+l(02_03)l ... 0*2 i\i£.-i(S2+d,z)\ 

2:3 = sm cos — e^''^^^ ^^'i, Z4^ = sm.%psui — e 2yv2.-rvi)\_ 
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Obviously, they satisfy the relation 

4 

^ ZaZa = 1 
a=l 

Next, we compute the metric 



a=l 



9. 



where 



Ai = - [cos^ tp cos Oidcpi + sin^ ip cos ^2*^02 + (cos^ ip — sin^ tp) rf^s] 

/I 1 

2 2 2 2 I 

(isj,p3 = (i-?/' + sin if) cos "0(2 '^^^ — - cos 6*2(^02 + 
+ ^ cos^ (ci^? + sin^ didcj?^ + ^ sin^ i) {dOl + sin^ ^s^^^a) • (2-7) 

The membrane embedding into Rt x S'^ /Z^^ appropriate for our purposes, is 

^0 = f t(r), = /?r,(r)e^^"(«™\ a = (1,2,3,4), 

where t is the AdS time, are real functions of while are the isometric coordinates 
on which the background metric does not depend. The four complex coordinates Wa are 
restricted by the real embedding condition 

4 4 

Y,WaWa = R', or J]r2 = l. 

a=l a=l 

The coordinates are connected to the initial coordinates, on which the background de- 
pends, in an obvious way. 

For the embedding described above, the metric induced on the M2-brane worldvolume is 
given by 

4 



G 



Correspondingly, the membrane Lagrangian becomes 
where A is a Lagrange multiplier. 



,a=l 



3 NR integrable system for M2-branes on Rt x IZ^ 



Let us consider the following particular case of the above membrane embedding 

i = aai + /3t, t] = 70-2 + 6t, 



(3.1: 



which imphes 



t = KT, i^aiC) = <^a{T, 0"!, 02) = UJaT + /ia(^, T]) . 



(3.2) 



Here k, uJa, a, 7, 6 are parameters. For this ansatz, the membrane Lagrangian takes the 
form {d^ = d/d^, dr, = d/drf) 



4A0 



a<h=\ 
\2 2 
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a=l 

- J2 iPd^ra + Sd,raf + {K/2A + A [ ^ - 1 



a=l 



,a=l 



We have found a set of sufficient conditions, which reduce the above Lagrangian to the 
NR one. First of all, two of the angles ipa should be set to zero. The corresponding 
coordinates must depend only on 77 in a specific way. The remaining variables and fia can 
depend only on In principle, there are six such possibilities. How they are realized for 
the Rt X S"^ /Zk background, we will discuss in the next section. Here, we will work out the 
following example 



^3 = f^siv) = Tosin?7, r4 = r^i^r]) = rgcos?], Vq < 1, 

For this choice, we receive (prime is used for d/dC,) 
?2 C 2 



(3.3) 



4A0 



a=l ^ 



A^-py A^- p^ 
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1-r 



a=l 



where A^ = (2A°T2i?Q;7ro)^. Now we can integrate once the equations of motion for fia 
following from the above Lagrangian to get 



1 

— + P^^a 



(3.4) 



^Of course, the roles of and rj can be interchanged in this context. 
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where Ca are arbitrary constants. By using fl3.4p in the equations of motion for ra(^), one 
finds that they can be obtained from the effective Lagrangian 



a=l I- 



+ A 



M 



:i - ri 



This Lagrangian, in full analogy with the string considerations [lTlllHlll9j, corresponds to 
particular case of the n-dimensional NR integrable system. For Ca = one obtains the 
Neumann integrable model, which in the case at hand describes two-dimensional harmonic 
oscillator, constrained to a circle of radius ^/l — r^. 



Let us consider the three constraints (12.51) . (12.61) for the present case. For more close 
correspondence with the string case, we want the third one, G02 = 0, to be identically 
satisfied. To this end, since G02 ~ ''^o7^' 6 = 0, i.e. t] = ^oi- Then, the first 

two constraints give the conserved Hamiltonian Hps^^ and a relation between the parameters 
involved: 

2 r 



NR 



E 

a=l 



5 + Awy^ 



A' + (3' 



[K/2f 



(3.5) 



0=1 



For closed membranes, and /Iq must satisfy the following periodicity conditions 

ra(^ + 27ra,?7 + 27r7) = ra(^,?7), /ia(^ + 27ra, + 27r7) = /i„(^, r^) + 2™^, (3.6) 
where are integer winding numbers. In particular, 7 is a non-zero integer. 

Since the background metric does not depend on t and ipa, the corresponding conserved 
quantities are the membrane energy E and four angular momenta Ja, defined by 



E 



d'a- 



dC 



Ja 



(fa- 



de 



, a = 1,2,3,4. 



For our ansatz (13. 3p J3 = J4 = 0. The energy and the other two angular momenta are given 

by 



E = -TT^ / d^, Ja 



daPCa + A'UaK 



a =1,2. 



4:\''a J " - A0a(A2-/32) 
From here, by using the constraints (13. 5p . one obtains the energy-charge relation 



(3.7) 



i2 _/52 



Ca 



a=l 



E 



E 

a=l 



As usual, it is linear with respect to E and Ja before taking the semiclassical limit. 
To identically satisfy the embedding condition 



0=1 



:i-r 



we set 



ri(0 = y'l-r2sin^(0, r^iO = ^Jl - ricosOiO- 
Then from the conservation of the NR Hamiltonian (13. 5p one finds 



9' 



±1 



-/52 



Cl C 



sin^ Q cos2 Q 



1/2 



(3.8) 



„2 ' a 



Cl 



a=l 



By replacing the solution for d{S,) received from (13. 8p into (13. 4p . one obtains the solutions 
for /i^: 



^2 -/?2 



sin^^ 



/^2 



1 



A2 -/?2 



Co 



cos2 6' 



+ /3^2e ■ (3.9) 



The above analysis shows that the NR integrable models for membranes on Rt x 5''' and 
Rt X S'^ /Zk are the same [21]. Therefore, we can use the results obtained in [21] for the 
present case. For convenience, the corresponding solutions and dispersion relations are given 
in the appendix. 



4 M2-brane solutions on Rt x IZ^ 



For our membrane embedding in Rt x S"^ /Z^, the angular variables if a are related to the 
corresponding background coordinates as follows 



9:^1 = ^ + 2 



^2 



= ^ + ^ (02 - 03) , 



k 2 

I - 2 (02 + 03) • 



As a consequence, for the angular momenta we have 



iPa and Jy,^ satisfy the equahties 



4^4 ^ 
a=l a=l 

One of the conditions for the existence of NR description of the M2-brane dynamics is 
that two of the angles <fa must be zero, which means that two of the four angular momenta 
J^^ vanish. The six possible cases are 

• V'l = 03 + y = ^V' + y , </'2 = 03 - y = ■^V' - y, ^3 = 0, ^4 = 0] 

2 2 

m ip^ = (j)^ = -(p + 03, (pr^ = = -(p - 03, = 0, 994 = 0; 

2 2 

• (y9i = 01 = -V9 + 03, (^4 = -02 = -(/}- 03, ip2 = 0, ^3 = 0] (4.1) 

2 2 

m ip2 = -01 = ■^'Z' + 03, V^3 = 4>2 = 

2 2 

• = -01 = ■^V' + 03' V^4 = -02 = p 

J, , 2 02 

• v?3 = -03 + Y = + y ' = -0 

Here, 0i and 02 are the isometry angles on the two two-spheres inside CP^, while 03 is 
isometry angle on the U{1) fiber over S"^ x S'^, as can be seen from (12. 7p . 

From fl4.ip it is clear that we have two alternative descriptions for ipa. One is only in 
terms of the isometry angles on CP^, and the other includes the eleventh coordinate p>. This 
is a consequence of our restriction to M2-brane configurations, which can be described by 
the NR integrable system. 

The six cases above can be divided into two classes. The first one contains the first and 
last possibilities, and the other one - the remaining ones. The cases belonging to the first 
class are related to each other by the exchange of 0i and 02 . This corresponds to exchanging 
the two 5*^ inside CP^. Since these spheres enter symmetrically, the two cases are equivalent. 
In terms of (<^,03), the four cases from the second class are actually identical. That is why, 
all of them can be described simultaneously by choosing one representative from the class. 



■ 03, ^2 = 


0, 


^3 = 0; 


■ 03, fl = 


0, 


ip4 = 0; 


- 03, V^l 


= 0, 


^3 = 0; 


02 2 


02 


, ^1 = 


2 k"^ 


2 
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Let us first give the M2-brane solutions for cases in tlie first class. Since they correspond 
to our example in the previous section, the membrane configuration reads 



Wi = RniO exp {^(^i(r, ^)} = RJl- sin^^(0 exp <^ i 



2 . , 



W2 = Rr^iO exp {i^2{r, ^)} = R^1- cos^(0 exp { i 
= Rtq sin(7(T2), W4 = Rtq cos(7(T2), 

where is equal to (pi or 02. 



From the NR system viewpoint, the membrane solutions for the second class configurations 
differ from the ones just given by the exchange of W2-, W3, and by the replacement 0/2 — 03. 
In other words, we have 



Wi = i?ri(Oexp{^¥;i(r,0} = R^ I - rl sine {i) eicp {i 
W2 = -Rro sin (70-2), 



W3 = RrsiO exp {i<^3{r, 0} = 1 " cos 0(0 exp { i 
W4, = /2rocos(7cr2), 



k 



^(r,O-03(r,O 



The explicit solutions for 6{^) and <fi,2,3{^,Oy ^^e M2-brane GM and SS, along with 
the energy-charge relations for the infinite and finite sizes are given in the appendix. Here, 
we will present them in terms of (f and 0i,2,3- 



In accordance with ( lA.ll) . we have for the M2-brane GM with two angular momenta the 
following dispersion relation 



1 - r^E - i Q J, + J<^)=]J\ (^^. - J?) + 8AP [ro(l - r'oh? sin^ |, (4-2) 

where can be equal to J^^jl or J^.^. In writing (14.21) . we have used that 

1/6 ~ 1 



/2 = Zp (2VA;A^)^'", T2 
and the 't Hooft coupling is defined by A = N jk. 



If we introduce the notations 



S = a\ 1 



^2 TP 



J.r. 



Jd, — a 



Jrh 



(4.3) 



the above energy-charge relation takes the form 



where 



£:-Ji(A;) = J:r|(A;)+4sin2|, 



2 2 



(4.4) 



By using (14. 3p . (14. 4p and flA.Qp . we can write down the dispersion relation for the dyonic 
GM, including the leading finite-size correction as 

16 sin^ I 



E-J^{k) = J Ji{k)+ Asm'' ^ 



exp 



2 ^Ji{k)+ 4 sin^ 
2 sin^ I (^J,{k) + ^Ji{k)+Asm'l) ^ Ji{k) + Asm 



2 p 
2 



:r|(A;)+4sin^2 



The reason to introduce and namely in this way is the following. For GM on 

the Rt X S*^ subspace of AdS^ x 5*^, in terms of 



e-^E^ Ji-^^h, ^2-^J2, 



27r 



we have 



£-Ji = ^J| + 4sin2|. 

The same result can be obtained for the GM on the Rt x CP^ subspace of AdSi x CP^ if 
we use the identification [29] 



£ 



E 



Ji 



Ji 



J2 



J2 



" V2A' " V2A 

In the all three cases, the second term under the square root is the same. In this description 
it is universal - for different backgrounds and for different extended objects. 

Analogously, for the SS case one can find (see ( lA.llI) ) 

^ A ^fi • P f (A(^i+p)tan| 

£-A^,=p + 8sm -tan-exp (-^^2(^) ,,,2^ + tan^ | 



P 



Ji{k) = J Ji{k)+ Asm' ^. 



P 



Let us point out that for A; = 1 the above dispersion relations coincide with the ones 
obtained earher in [21]. We can also reproduce the energy-charge relations for dyonic GM 
and SS strings on Rt x CP^ by taking an appropriate limit. To show this, let us consider the 
second case in fl4.ll) . for which 

_ 2 _ 2 

In accordance with our membrane embedding, the following identification should be made 

jstr '^4'1 jstr '^4'2 

^1 - 2 ' - 2 • 

Then in the limit A; — cxo, rg — ^ 0, such that kvQ'y = 1, we obtain from (14. 2 p 



E - Jf = ^{Jt? + 8Asin2 |. 

This is exactly what we have derived in [29] for dyonic GM strings on Rt x CP^. Obvi- 
ously, this also applies for the leading finite-size correction. In the same way, the SS string 
dispersion relation for Rt x CP^ background can be reproduced. 



5 Concluding Remarks 



We presented here an M2-brane perspective on ABJM super Chern-Simons-matter theory, 
which for large and finite level k is dual to M theory on AdS^ x S"^ /Z^. In particular, we 
found membrane configurations, which can be described by the same NR integrable model 
for any positive integer k. Based on this, we gave the explicit solutions and the dispersion 
relations, including finite-size corrections, for states with two angular momenta, exhibiting 
GM and SS properties. 

It would be interesting to see if the above results could be generalized to M2-branes with 
three and four angular momenta. Also, one can try to include the conserved spin S", arising 
from the nontrivial dynamics on the AdS^ part of the background. In this case, one must 
take into account the membrane interaction with the three-form gauge field. 
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A M2-brane GM and SS 



For the GM-like case by using that C2 = 0, = ujI in fl3.8p . fl3.9p . one finds 



cos 6(0 



cos 6*0 
cosh (-D0O 



sin^ 



cos 6*0, 



(pi{T, ^) = iUiT + arctan cot 60 tanh(DoO , V2ir, ^) = u;2 ( r + ^- — ^ 



/3 



For the SS-hke solutions when C2 = 0, = ufA^/P^, by solving the equations fl3.8p . 
(I3.9p . one arrives at 



cos 0(0 



COS^^l 



cosh (DiO ^ 



sin^ 01 



i2 -/32 



COS 01, 



V9i(r, = t^i ( r - 1^ - arctan cot 0i tanh(L>iO , (/'2(r, = tU2 + ) ' 



The energy-charge relations computed on the above membrane solutions were found in 
50] . and in our notations read 



1 _ rlE - ^ 



— I — sm -, - = - - 00, 



2' 2 2 



for the GM-like case, and 



1 2P V^A ^1 

'-^°^-^^^^ = — 2' y 



for the SS-like solution, where 



A= [27r2T2i?Vo(l-r2)7]' 



(A.l) 



H — rsm -, - = 01, A. 2 

7r2 2' 2 2 ' ^ ^ 



(A.3) 



A.l Finite-Size Effects 



For C*2 = 0, Eq. (l3.8p can be written as 



cos I 



A^-f3^ 



' z\ — cos^ 0)(cos2 9 — zV)-, 



(A.4) 
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where 



1 



2(1 

1 - R^/ujI 



qi + q2 2 ±1/(91-^2) 



out 



2 (gi + q2- 2gig2) o 



IJ 



The solution of 



IS 



cos^^ = z^dn (C^|m) , C = =F 



2 , ,2 



^2 -/?2 



2 / 2 



The solutions of Eqs. fl3.9p now read 

2/3cJ2/^CJi 



/il 



/i2 



(A.5) 



where n(A;,n|m) is the elliptic integral of third kind. 

Our next task is to find out what kind of energy-charge relations can appear for the M2- 
brane solution in the limit when the energy E —>■ 00. It turns out that the semiclassical 
behavior depends crucially on the sign of the difference — (3'^. 

A. 1.1 The M2-brane GM 



We begin with the M2-brane GM, i.e. > (3"^. In this case, one obtains from (13. 7p the 
following expressions for the conserved energy E and the angular momenta Ji, J2 



£ = J5(li£^K(l-£/4) 



UJlZ^\/\ — L0\jL0\ 



Jl 
J2 



2z, 



2z^uj2/uJi 



1 - (3^k-'/AW^ 



K (1 - zl/zl) - E (1 - zl/zl) 



Here, we have used the notations 



E (1 - zl/zl) . 



1 - r^^, Jl 



2tx Jl 



J2 



27T J2 



(A.6) 



(A.7) 



19. 



where A is defined in (lA.Sp . The computation of /S.(pi gives 



(Ai 



2P/A 



n 



l-zl/zl 



) - K (1 - zl/zl) 



1-4 V 1-4 

In the above expressions, K(m), E(m) and n(n|m) are the complete elhptic integrals. 

Expanding the elliptic integrals about 2;^ = 0, one arrives at 

16sin^(p/2) 



(A.9) 



exp 



J| + 4sin^(p/2) 



It is easy to check that the energy-charge relation ( lA.QI) coincides with the one found in |51j . 
describing the finite-size effects for dyonic GM. The difference is that in the string case the 
relations between £, jTi, J2 and E, Ji, J2 are given by 

27r 



2tx 



27r 



^ — ~~F^E, Ji — —p=Ji, J2 — --j=J2i 



while for the M2-brane they are written in (lA.7p . 



A.1.2 The M2-brane SS 



Let us turn our attention to the M2-brane SS, when < jS"^. The computation of the 
conserved quantities (13.71) and Aipi now gives 

S^^m£^Kil-zl/zl), 



Jl-- 
J2-- 



cjia/I — 002/^1^+ 
2z, 



a/1 - LU^/iof 



E (1 - - LJl^M^K (1 - £/4) 



E (1 - z^/zl) 



1-2? 



n 



zi-z^ 



1-zi 



1-.V4 -K(i-.!/4) 



8 — A(/)i can be derived as 



^-Av?! = arcsinAr(Ji, J2) + 2 (J7f - ^2^) 



[4 - ( j-f - m 



X exp 



2{J^-Ji)N{J^,j2) 



1. 



(A.IO) 



Finally, by using the SS relation between the angular momenta 



:^i = \/^2' + 4sin2(p/2), 



we obtain 



^ A • P ( tan|(Ay?i +p) 

t — A(/9i = » + 8 sm - tan - exp ^ -— 

^ 2 2 tan^l + J^s^csc^p 



(A.ii: 



This result coincides with the string result found in [52j. As in the GM case, the difference 
is in the identification (lA.Tp . 
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